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Computer simulations are used to investigate the response of a charged colloid and its surrounding
microion cloud to an external electric field. Both static fields (DC) and alternating fields (AC) are
considered. A mesoscopic simulation method is implemented to account in full for hydrodynamic and
electrostatic interactions. The response of the system can be characterized by two quantities: the
mobility and the polarizability. Due to the interplay of the electrostatic attraction and hydrodynamic
drag, the response of the microions close to the colloid surface is different from that of the microions
far away from the colloid. Both the mobility and polarizability exhibit a dependency on the frequency
of the external fields, which can be attributed to the concentration polarization, the mobility of the
microions, and the inertia of microions. The effects of the colloidal charge, the salt concentration,
and the frequency of the external fields are investigated systematically.
I. INTRODUCTION
Colloidal suspensions have numerous applications in
different fields such as chemistry, biology, medicine, and
engineering. In an aqueous solution, colloidal particles
are often charged, either by ionization or dissociation of
a surface group, or preferential adsorption of ions from
the solution. Therefore, they can be efficiently controlled
or manipulated by electric fields. Electric fields can be
applied in two different ways. One is to use static (DC)
fields which induce electrophoresis, i.e., the migration of
individual colloids [1, 2]. Electrophoresis is commonly
used to measure the surface charge density of colloidal
particles. The other possibility is alternating electric field
(AC field). The time-dependent perturbation allows one
to selectively probe dynamic phenomena at different time
scales and produces substantially more information than
just probing the response to a static field [1, 3].
The colloids respond to external fields on relatively
short time scales and in an often fully reversible way. One
important quantity characterizing the dynamic response
of the colloid is the electrophoretic mobility. If an exter-
nal electric field of the form E = E0 exp(iωt)xˆ is applied
in the x-direction, the x-component of the colloid veloc-
ity exhibits an oscillation of the form vx = v0 exp(iωt),
where v0 can be a complex number. For weak fields, the
frequency of the colloid motion is the same as the external
field, and the response depends linearly on the strength
of the perturbation. The amplitude of the colloid velocity
then can be written as
v0 = µ(ω)E0. (1)
The mobility µ(ω) is in general a complex number, whose
magnitude characterizes the sensitivity of the response,
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i.e., how fast the colloid moves under fixed external field,
and the phase describes the synchronization between the
response and perturbation, i.e., whether the colloid mo-
tion is in phase with the external field. We explicitly
include the argument ω to emphasize that the mobility
is a function of the driving frequency.
The microions, which include the counterions from the
surface charge and the dissolved salt molecules in the
solution, play an important role in determining the col-
loidal response to the external field. Counterions accu-
mulate around the colloid surface due to the electrostatic
attraction between opposite charges and form an electric
double layer (EDL). In close vicinity of the colloid, the
counterions stick to the surface and move together with
the colloid. Further away, microions are relatively mo-
bile and experience thermal motion. The thickness of
the electric double layer is characterized by the Debye
screening length
lD = κ
−1 =
[
4πlB
∑
i
z2i ρi(∞)
]− 1
2
, (2)
where the summation runs over different ion types. In
Eq. (2), lB = e
2/(4πǫmkBT ) is the Bjerrum length which
depends on the medium permittivity ǫm and the temper-
ature of the solution T , and zi and ρi(∞) are the va-
lence and bulk concentration for type i ion, respectively.
When an external electric field is applied to the suspen-
sion, both the colloidal particle and its surrounding elec-
tric double layer will be polarized. The colloid acquires a
dipole moment of the form p0 exp(iωt) in the direction of
the applied field, and the amplitude the dipole moment
can be written as
p0 = α(ω)E0. (3)
The polarizability α(ω) is used to characterize the col-
loid’s dielectric response to the external fields, and it is
a complex function of the frequency and the amplitude
of the external field. In the linear response region, the
2dipole moment is proportional to the magnitude of the
external field; thus the polarizability does not depend on
the field strength for weak external fields.
The response of the colloid to the external field, be it
dynamic (1) or dielectric (3), is a combined effect of hy-
drodynamic and electrostatic interactions. We can con-
trol the response by adjusting various factors such as the
surface charge density of the colloid and the salt con-
centration. Fischer et al. observed a salt-dependent
change of sign in the mobility of the condensed coun-
terions in polyelectrolyte solutions [4]. Similar phenom-
ena are observed in our colloidal system, and the mo-
bility change can also be induced by varying the col-
loid charges. Furthermore, we explore the response to
alternating electric fields, and systematically study the
frequency-dependence of mobility and polarizability.
Various theories have been proposed to understand the
frequency-dependent response of colloid dispersions. Al-
ready for uncharged colloids, this response is far from
trivial [5, 6]. On the MHz scale, the main contribu-
tion to the induced dipole moments stems from the con-
ductivity mismatch between the particle and the solvent
due to the presence of the free microions in the solvent.
The so-called Maxwell-Wagner relaxation [7, 8] only de-
pends on the bulk properties of the solution and the
colloid, and has been widely used to interpret experi-
mental results [9, 10]. For charged colloids, the electric
double layer plays an important role, and its contribu-
tion can be included in the Maxwell-Wagner theory as
a surface conductivity term, which was first introduced
by O’Konski [11]. The Maxwell-Wagner-O’Konski the-
ory has also been extended to ellipsoidal colloids [12].
On long time scales up to 100 MHz, a salt concentration
gradient builds up along the colloid and the thickness of
the double layer varies accordingly, leading to an addi-
tional source of polarization (α-polarization). Theories
for the low-frequency response have been developed in
the Ukraine school [13] based on the standard electroki-
netic model. Their analytic results rely on the assump-
tion that the electric double layer is much thinner than
the radius of the colloid. This is justified for micrometer-
sized colloids, but becomes questionable for particles of
nanometer radius. For situations that involve thick elec-
trical double layers and the whole frequency spectrum,
one can solve the full electrokinetic equations using var-
ious numerical methods [14–20].
Using molecular dynamic simulations to study
macroion solutions under alternating electric fields is a
relatively new approach; only a few works in the liter-
ature have tackled this subject. Most studies have fo-
cused on the conformation change of a single polyelec-
trolyte (PE) chain. Liu et al. studied the unfolding and
collapse of a flexible PE chain under a sinusoidal elec-
tric field [21]. Hsiao et al. examined a similar system,
but in trivalent salt solutions under a square-wave elec-
tric field [22]. Zhang et al. investigated the dynamics
of an anchored PE chain, for both flexible and semiflexi-
ble cases [23]. The detection of DNA sequences using an
AC-field in a nanopore capacitor was discussed in Ref.
[24]. A Langevin thermostat was used in most studies,
because the hydrodynamic interactions were taken to be
screened for long PE chains in solutions with high salt
concentration. For the system of nanometer-sized col-
loids, hydrodynamic interactions are important, and we
include coarse-grained solvent particles.
Simulations with explicit solvents and microions are
numerically challenging, because both the hydrodynamic
and the electrostatic interactions are long-ranged. In re-
cent years, a number of coarse-grained simulation meth-
ods have been developed to address this class of problem.
The general idea is to couple the explicit charges with a
mesoscopic model for Navier-Stokes fluids. There are a
few choices of the fluid model in the literature, such as the
Lattice Boltzmann (LB) method [25–30], Multi-Particle
Collision Dynamics (MPCD) [31, 32], and Dissipative
Particle Dynamics (DPD) [33–35]. In this paper, we
use the particle-based DPD approach. DPD is a coarse-
grained simulation method which is Galilean invariant
and conserves momentum. Since it is a particle-based
method, microions can be introduced in a straightfor-
ward manner. A recent comparative study [36] indicated
that the electrostatic interaction is the most expensive
part in terms of the computational cost. Therefore, for
intermediate or high salt concentrations, different meth-
ods for modelling the fluid becomes comparable.
In this work, we study the response of the charged
colloidal particle and its surrounding ionic clouds under
external electric fields. In a recent publication [37], we
have presented first results on the frequency-dependent
dielectric response of a colloid in solutions of high ionic
strength. In that case, the results were in qualitative
agreement with the prediction of the Maxwell-Wagner
theory. Here, we systematically vary the salt concen-
tration down to the low-salt regime where the Maxwell-
Wagner theory no longer applies, and analyze the con-
tributions of microions to the dynamic and dielectric re-
sponse. We use DPD simulations, including in full the hy-
drodynamic and electrostatic interactions. The remain-
der of this article is organized as follows: In section II, we
give a brief introduction to the simulation model and de-
scribe important parameters for the system. We present
the simulation results on the mobility and polarizability
in section III and IV, respectively. Finally, we conclude
in section V with a brief summary.
II. SIMULATION MODEL
In this section, we briefly review our simulation model
for a colloidal particle in a salt solution and describe some
important physical quantities (see also Ref. [37]). In the
following, physical quantities will be reported in a model
unit system of σ (length),m (mass), ε (energy), e(charge)
and a derived time unit τ = σ
√
m/ε.
Our simulation system has three components: the sol-
vents, the microions, and the colloidal particle. The sol-
3fluid density ρ 3.0 σ−3
friction coefficient for fluid DPD interaction γDPD 5.0 m/τ
cutoff for fluid DPD interaction 1.0 σ
shear viscosity ηs 1.23 ± 0.01 m/(στ )
friction coefficient for colloid DPD interaction 10.0 m/τ
cutoff for colloid DPD interaction 1.0 σ
size of fluid particle, microion, and colloid 1.0, 1.0, 3.0 σ
mass of fluid particle, microion, and colloid 1.0, 1.0, 100 m
Bjerrum length lB 1.0 σ
scaled temperature kBT 1.0 ε
simulation time step ∆t 0.01 τ
simulation box 30 σ
TABLE I: Parameters used in the DPD simulations.
vent is modelled as a fluid of DPD beads, where DPD
is used as a canonical thermostat (i.e. including the dis-
sipative and stochastic part) without conservative forces
[38]. Some important parameters in the simulation are
listed in Table I. Our DPD fluid has a density ρ = 3.0 σ−3
and a shear viscosity ηs = 1.23± 0.01m/(στ). Counteri-
ons and salt microions are introduced as the same DPD
beads as the fluid particle, but carry charges and have
exclusive interactions. We only consider the monovalent
case where microions carry a single elementary charge
±e. The exclusive interaction is necessary to prevent
the collapse of charged system. A short-range repulsive
Weeks-Chandler-Andersen interaction is used [39],
V (r) =


4ε
[(
σ
r − r0
)12
−
(
σ
r − r0
)6
+
1
4
]
for r < rc
0 otherwise
(4)
The cutoff radius is set at the potential minimum rc =
r0 +
6
√
2σ. The microions have a size of 1.0 σ (r0 = 0).
One useful quantity for later discussions is the diffusion
constant of the microion DI , which can be determined by
measuring the mean-square displacement
lim
t→∞
〈(r(t) − r(0))2〉 = 6DIt. (5)
The diffusion constant is a function of the salt concentra-
tion. We performed simulations with different salt con-
centrations, ρs = 0.003125 σ
−3 – 0.2 σ−3. The simula-
tion results are compared with the empirical Kohlrausch
law [40], which states that microion diffusion constant
depends linearly on the square root of the salt concen-
tration
√
ρs,
DI = A−B√ρs, (6)
where A and B are fitting parameters. Fig. 1 shows the
simulation results and a fit to Kohlrausch law.
We model the large colloidal particle as a sphere with
many interacting sites on its surface. The interaction be-
tween these surface sites and the solvent beads is mod-
elled using DPD dissipative interactions. To prevent sol-
vent particles from penetrating the colloid, a similar re-
pulsive interaction as Eq. (4) acts between the colloid
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FIG. 1: The diffusion constant of microions DI , as a
function of salt concentration ρs. The curve is a fit to
Kohlrausch law with fitting parameters A = 0.71 and
B = 1.12.
and fluid/microion particles, but with the colloid radius
R = r0 + σ = 3.0 σ. The colloid carries a positive charge
Q, and the mass of the colloidal particle is M = 100m
The moment of inertia is I = 360mσ2, corresponding
to a sphere with constant volume density. The diffu-
sion constant of an uncharged colloid is measured by
a linear regression of the mean-squared displacement,
similar to the case of microions. For a colloid with ra-
dius R = 3.0 σ, the diffusion constant is measured to be
D = 0.010 ± 0.002 σ2/τ in a simulation box with linear
dimension L = 30 σ. This result compares well to the dif-
fusion constant of a Stokes sphere of radius 3.0 σ in a sim-
ple cubic lattice [41], D = (kBT/6πηs)(1/R−2.837/L) =
0.010 σ2/τ .
We carried out simulations using the open source pack-
age ESPResSo [42]. Modifications have been made to in-
corporate an external time-dependent electric field. The
temperature of the system is kept at kBT = 1.0 ε. Elec-
trostatic interactions are calculated using the Particle-
Particle-Particle Mesh (P3M) method [43–45], with the
Bjerrum length lB set to 1.0 σ. The Velocity-Verlet algo-
rithm is used to integrate the equation of motion [46–48]
with a time step of ∆t = 0.01 τ . We use a cubic simula-
4tion box with linear dimension L = 30 σ, with periodic
boundary conditions in all three directions. We note that
the application of periodic boundary conditions makes
the measurement in our system somewhat different from
the experimental situation. The periodic images of the
colloid are coupled both hydrodynamically and electro-
statically. Therefore, we measure in fact the mobility and
polarizability of a particle in a simple cubic lattice.
In simulations, various time-series of the velocity or
dipole moment are obtained, but the data is noisy due to
the thermal fluctuations. For example, in Fig. 2 we show
the external electric field and the colloid velocity as a
function of the time for one set of parameters (Q = 50 e
and ρs = 0.0125 σ
−3). In order to extract the ampli-
tude and the phase of the velocity oscillation, we apply a
Fourier transform to the time-series of the velocity. The
real and imaginary parts of the Fourier spectrum exhibit
peaks at the frequency of the external electric field, and
the peak values correspond to the real and imaginary
part of the complex velocity amplitude.
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FIG. 2: Dynamics of a charged colloidal particle with
charge Q = +50 e and radius R = 3.0 σ in a salt
solution (ρs = 0.0125 σ
−3) under the influence of an AC
field with frequency f = 0.01 τ−1 and amplitude
E0 = 0.5ε/(σe). Top: instantaneous electric field.
Bottom: translational velocity along the field direction.
To map the simulation units to real physical numbers,
we use an aqueous solution of KCl as a reference sys-
tem. The energy unit ε is the thermal energy at room
temperature kBT = 4.1 × 10−21 J. We set the Bjerrum
length lB = 1.0 σ, thus the length unit σ corresponds
to the Bjerrum length of water at room temperature,
lB = 0.71 nm. A salt concentration 0.05 σ
−3 in simula-
tion translates to an experimental value of 0.228mol/L.
We further equate the diffusion constant of microions at
zero concentration (D0I = 0.71 σ
2/τ) to that of KCl in
an aqueous solution [49]. The diffusion constant for K+
and Cl− differ slightly (DK+ = 1.96 × 10−9m2s−1 and
DCl− = 2.03× 10−9m2s−1) [16, 50], so we use the value
of 2.0 × 10−9m2s−1 for mapping. One simulation time
unit then corresponds to the real time 1.81 × 10−10 s.
Therefore, the frequency f = 0.1 τ−1 corresponds to an
experimental frequency 553 MHz.
III. DYNAMIC RESPONSE
In the following sections, we report simulation results
for a single charged colloid of radius R = 3.0 σ in an
electrolyte solution. We focus on the dynamic response
of the colloid and microions, characterized by the mo-
bility µ, and the dielectric response, represented by the
polarizability α. We systematically vary some important
parameters, such as the salt concentration, the colloid
charge, and the frequency of the external fields.
A. Effect of salt concentration
To study the effect of the salt concentration and the
colloid charge, we will focus on the case of static electric
fields. For static fields, the motion of the colloid and its
surrounding microions can be characterized by a scalar
mobility µ, which represents the ratio between the ve-
locity of the particle and the magnitude of the applied
field. For the microions, the mobility also depends on
their position with respect to the colloid. In the simu-
lation, we average over the velocities of microions which
have a distance r from the colloid center.
In Fig. 3, we plot the mobility of the colloid and mi-
croions as a function of the salt concentration ρs. The
colloid carries a total charge of Q = +50e. The number
of counterions to neutralize the colloid charge is compa-
rable to the number of salt at the lowest salt concen-
tration, but is negligible at intermediate and high salt
concentrations. For the parameter range considered here
(0.003125 σ−3 ≤ ρs ≤ 0.2 σ−3), the electrophoretic mo-
bility of the colloid depends only weakly on the salt con-
centration. When the salt concentration increases, the
Debye length becomes shorter, and the electrostatic in-
teraction becomes more screened. This reduces the effec-
tive charge of the colloid, which includes the bare colloid
charge and the contribution from condensed counterions,
resulting in a slight reduction of the electrophoretic mo-
bility of the colloid.
The mobilities for counterions at different distances r
away from the colloid center are plotted in solid curves.
Due to the strong electrostatic attraction towards the
colloid, counterions overcome the entropic repulsion and
accumulate in the vicinity of the colloidal surface. Their
mobility is a result of the interplay between two conflict-
ing interactions. On the one hand, counterions have the
opposite charge as the colloid, thus the external electric
field drives counterions away from the colloid. Similarly,
the entropic force also tends to separate counterions and
the colloid and pushes counterions towards regions where
the ionic concentration is lower. On the other hand,
the Coulomb attraction from the colloid charge and the
hydrodynamic interaction from the colloid surface drag
counterions along with the colloid. The mobility of the
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FIG. 3: The mobility of the colloid and its surrounding
microions with distance r from the colloid center. The
solid and dash-dotted lines correspond to the
counterions and the coions, respectively. The mobilities
are plotted as a function of the salt concentration ρs.
The colloid has a bare charge of Q = +50 e. Due to the
electrostatic interactions, coions are excluded in the
close vicinity of the colloid, therefore the mobility for
coions at r = 3.0 σ is absent. Also shown is the mobility
of free microions in a salt solution without the colloid
(dashed grey lines).
counterion is a result from these two competing effects.
At low salt concentration, counterions close to the col-
loid experience strong attraction from the colloid, and
they can be considered as attached to the colloid surface.
Therefore, the counterion mobility has the same sign as
that of the colloid. Note that both the hydrodynamic
and the Coulomb interaction depend on the distance be-
tween the counterion and the colloid. When the distance
is increased, both interactions become weaker, resulting
in a reduction of the counterion mobility.
The counterion mobility also depends on the salt con-
centration. When the salt concentration increases, the
Debye length decreases and the electrostatic interaction
becomes screened, resulting in a reduction of the attrac-
tive force from the colloid. In Fig. 3, all curves of coun-
terion mobility exhibit an initial reduction as the salt
concentration increases. For counterions close to the col-
loid surface, there exists a salt concentration at which
the electrostatic interaction is screened so much that the
external electric field dominates, resulting in a change of
the sign of the mobility. In this case, the external field
is strong enough to overcome the attraction, and drives
even the closest counterions to move in the opposite di-
rection of the colloid. A similar phenomenon has been
discussed in Ref. [4] for condensed counterions in poly-
electrolyte solutions.
The situation is different for coions, as shown in Fig. 3
(dash-dotted lines). The coions have the same charge
as the colloid, thus the external fields and the hydrody-
namic interactions both drive the coions to move along
with the colloid. The mobility for the coions always has
the same sign as the colloid, and its dependence on the
salt concentration shows the opposite trend, compared to
that of the counterions.
At high salt concentration and far away from the col-
loid, the electrostatic and hydrodynamic interactions are
fully screened, and the forces exerted by the colloid on
the microions are negligible. In this case, the mobilities
for counterions and coions are both proportional to the
diffusion constant of the microionDI , but with the oppo-
site sign. The mobility for microions in solution without
the colloid is shown as the dashed lines in Fig. 3. The
decrease of the mobility value at high salt concentration
is the result of the reduction in the diffusion constant of
the microion.
B. Effect of colloid charge
The response of the colloid and microions can also be
tuned by varying the bare charge on the colloid. Com-
pared to the previous situation of adjusting the salt con-
centration, where the range of the electrostatic interac-
tion (the Debye screen length) is varied, the change of
the colloid charge directly alters the strength of the elec-
trostatic interaction with the microions. Fig. 4 shows the
mobility of the colloid and its surrounding microions as
a function of the colloid charge Q. The salt concentra-
tion is kept constant ρs = 0.05 σ
−3. The electrophoretic
mobility of the colloid increases as the colloid charge in-
creases, but the increase is less than linear.
The counterions are negatively charged, thus their
mobility is in general negative. The mobility depends
strongly on the distance between the counterions and the
colloid. Far away from the colloid, the electrostatic inter-
action is sufficiently screened for the salt concentration
ρs = 0.05 σ
−3. It can be seen in Fig. 4 for the counterion
curve r = 6.0 σ; the mobility is insensitive to the colloid
charge and almost coincides with the mobility value for
free negative ions (dashed grey line). Close to the col-
loid surface, the attraction from the colloid charge and
the hydrodynamic drag dominate, and the difference be-
tween mobilities of the counterion and the colloid be-
comes smaller. For highly charged colloid Q > 60 e, the
attraction is strong enough for the closest counterions to
be dragged along with the colloid, resulting in a positive
counterion mobility.
The mobility of coions (Fig. 4, dash-dotted lines) has
the opposite sign from that of the counterions. Coions
close to the colloid are slowed down by the slower colloid.
The mobility of coions far from the colloid approaches
6-0.50
-0.40
-0.30
-0.20
-0.10
 0.00
 0.10
 0.20
 0.30
 0.40
 0.50
 10  20  30  40  50  60  70  80  90  100
µ 
[σ2
e
/τε
]
Q [e]
colloid
r=3.0σ
r=4.0σ
r=6.0σ
r=8.0σ
FIG. 4: The mobility of the colloid and its surrounding
microions with distance r from the colloid center. The
mobility of the counterions (solid lines) and coions
(dash-dotted lines) are plotted as a function of the
colloid charge. Due to the electrostatic interactions,
coions are excluded in the close vicinity of the colloid
surface, therefore the mobility for coions at r = 3.0 σ is
absent. The salt concentration is ρs = 0.05 σ
−3. Also
shown is the microion mobility without the colloid
(dashed grey lines), which is a constant for fixed salt
concentration.
that of free microions.
C. Effect of frequency
In this section, we investigate the frequency-dependent
response of the colloid in electrolyte solutions. We ap-
ply a sinusoidal external field to probe the colloidal sus-
pension, and measure the mobility of the colloid and
its surrounding counterions. The motion is in general
not in phase with the external field. Thus, the mobil-
ity becomes a complex number, where the real part of
the mobility characterizes the in-phase component of the
motion, and the imaginary part is the out-phase contri-
bution. In Fig. 5, we show the complex mobility µ(ω)
for a system with salt concentration ρs = 0.0125 σ
−3 and
colloid charge Q = +50 e.
Let us focus on the counterions far away from the col-
loid first. For those counterions, the influence from the
colloid is small; thus they can be approximated as free
microions in a salt solution. The only important time
scale is determined by the microion’s inertia. The equa-
tion of motion for a charged particle with mass m and
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FIG. 5: The mobility of the colloid and its surrounding
counterions with distance r from the colloid center. The
real (a) and imaginary (b) components of the mobility
are plotted as a function of electric field frequency
f = ω/2π. The colloid has a bare charge of +50 e and
the salt concentration is ρs = 0.0125 σ
−3.
charge −e in a viscous fluid is
mx¨ = −γx˙− eE0eiωt, (7)
where γ = kBT/DI is the Langevin friction coefficient.
The equation can be solved using Fourier transform, and
one obtains the complex mobility
µ(ω) =
v0
E0
= − e
γ
1− i(mωγ )
1 + (mωγ )
2
. (8)
From the diffusion constant DI = 0.60 σ
2/τ for the so-
lution of salt concentration ρs = 0.0125 σ
−3, one obtains
γ = 1.67m/τ . Eq. (8) is plotted as dashed grey curves
in Fig. 5. The complex mobility of the counterions far
away from the colloid (r = 8.0 σ) resembles that of free
microions. The variation of mobility is characterized by
a time scale set by
τm =
2πm
γ
or fm =
γ
2πm
. (9)
Using the friction coefficient γ = 1.67m/τ , one obtains a
frequency fm = 0.27 τ
−1. This is roughly the position of
7the maximum peak in the imaginary component of mo-
bility for r = 8.0 σ. At frequencies higher than fm, the
finite mass of the counterions limits ions from respond-
ing to the external field, resulting in a reduction of the
mobility.
For counterions close to the colloid surface, their mo-
tion is strongly influenced by the motion of the colloid.
We shall examine the mobility of counterions at distances
r = 3.0 σ, starting from low to high frequencies. At low
frequency, one important contribution comes from the
enhanced salt concentration building up near the colloid
surface. The situation is depicted for a positively charged
colloid in Fig. 6. At the back side of the colloid, a wake of
negative counterions builds up which are dragged away
from the surface by the external field. These counterions,
combined with the coions coming in from the bulk solu-
tion, create an increase of the salt concentration on the
left-hand side of the colloid – a salt source. A similar pro-
cess occurs on the right-hand side of the colloid, where
depletion of the counterions and coions results in a reduc-
tion of the salt concentration – a salt sink. Therefore, a
salt concentration gradient is established along the col-
loid surface, which drives the microions in the direction
of the external field. For counterions close to the surface,
the effect due to the concentration gradient, combined
with the hydrodynamic drag from the colloid, partially
cancels out the effect of the external field, which drives
the counterions in the direction opposite to the field. The
result is an increase of the in-phase component of the mo-
bility at low frequency for counterions that are close to
the colloid surface.
E
salt sinksalt source
diffusion
FIG. 6: Scheme of the buildup of concentration gradient
around a positive colloid. The salt concentration
increases on the left-hand side of the colloid, and
decreases on the right-hand side. As a consequence, a
concentration-induced diffusion flux is formed in the
direction of the external field.
The accumulation of the salt concentration cannot be
accomplished instantaneously, and the associated time
scale is the time required for microions to diffuse over
the diameter of the colloid,
τc =
(2R)2
DI
. (10)
For our system, this time scale, τc = 60 τ , sets a fre-
quency scale,fc = 1/τc = 0.017 τ
−1. Above the crossover
frequency fc, the variation of the external field is too fast
for the concentration gradient to build up, and the mo-
tion of the counterions is mainly driven by the external
field. Thus, the response of the counterions reverts to
that of free microions under oscillating external field. At
even higher frequency around fm, the inertia effect sets
in and the mobility of the counterions is reduced to zero.
IV. DIELECTRIC RESPONSE
In this section, we study the dielectric response of
the charged colloid in salt solution. The main quan-
tity calculated from the simulation is the complex po-
larizability α(ω), which characterizes the ratio between
the dipole moment and the external field. We focus on
the effect of varying the frequency of the external field.
The amplitude of the field is chosen in the linear region,
E0 = 0.5 ε/(σe), and frequency range from f = 0.001 to
2.0 τ−1 is considered. Fig. 7 shows the real and imagi-
nary parts of the polarizability α(ω) for a colloid particle
with bare charge Q = +50 e. The solution has a salt con-
centration 0.0125 σ−3, corresponding to the Debye length
lD = 1.72 σ including 50 counterions. The Debye length
is smaller than, but comparable to the colloidal radius
(R = 3.0 σ).
In the low-frequency region, the external perturbation
is slow enough that the system can follow, and the change
of the polarizability is connected to the polarization of
the ionic cloud surrounding the colloid. Two opposite ef-
fects take place at the same time at low frequencies. One
is due to the external field, which drives the negative
counterion cloud in the opposite direction of the colloid
movement. The resulting dipole moment points in the
same direction as the external field. The other effect is
induced by the salt concentration gradient near the col-
loid surface (see Fig. 6), where counterions diffuse in the
direction of the external field. The concentration-induced
effect results in a dipole moment in the opposite direction
of the field. The time required for the concentration gra-
dient to be established is τc = 60 τ (or fc = 0.017 τ
−1).
At frequencies higher than fc, the concentration-induced
effect diminishes, resulting in an increase of the in-phase
component of the polarizability.
In the opposite limit of high frequency, the colloid and
the ion cloud can no longer follow the field; thus both
Re{α} and Im{α} converge to zero. At intermediate fre-
quencies f ∼ 10−1 τ−1, the real part Re{α} crosses over
from positive to zero with an overshoot below the tran-
sition frequency and a slight undershoot to negative val-
ues after the transition frequency. The imaginary part
Im{α} drops to large negative values, indicating that the
response is out of phase and that there is high dissipation.
At high frequencies, the main contribution to the dipole
moment stems from the conductivity mismatch between
the colloid and the solvent due to the presence of free
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FIG. 7: Real and imaginary part of the complex
polarizability α(ω) of a charged colloid as a function of
the frequency of applied electric field. The bare charge
of the colloid is Q = +50 e, and the salt concentration
of the solution is 0.0125 σ−3. The points with error bars
are simulation data. The solid lines give the prediction
from the Maxwell-Wagner-O’Konski theory, and the
dash-dotted lines show the revised prediction by taking
into account of inertia effects. The dashed curves are
numerical results from solving electrokinetic equations
using the MPEK software.
counterions in the solvent. The finite time required for
the formation of the free charges is responsible for the
well-known Maxwell-Wagner dispersion, and this relax-
ation time is given by
τmw =
ǫp + 2ǫm
Kp + 2Km
, (11)
where ǫ and K are the permittivity and conductivity of
the colloidal particle (p) and medium (m). For our sim-
ulation model, ǫp = ǫm and Kp = 0. Using the relation
between the conductivity and the diffusion constant of
the microion (for 1-1 electrolytes), Km = 2ρse
2DI/kBT ,
the Maxwell-Wagner relaxation time can be rewritten as
τmw =
3ǫm
2Km
=
3
2
l2D
DI
. (12)
Thus, τmw is on the same order of the time required for
the microion to diffuse over the distance of Debye length.
The related frequency fmw = 1/τmw ≃ 0.12 τ−1. This is
roughly the frequency at which Im{α} reaches a mini-
mum.
We compare our simulation results with the predic-
tions from two theoretical models. One is the Maxwell-
Wagner-O’Konski (MWO) theory [12], which was origi-
nally developed for micrometer colloids where the elec-
tric double layer is much thinner than the colloid size
(κR ≫ 1). We shall see that it still captures some high-
frequency features of the polarizability. We briefly sketch
the MWO theory in Appendix A. Another theory is based
on the standard electrokinetic model [15, 51], which can
be applied to arbitrary salt concentrations. We sum-
marize the governing equations of electrokinetic model
in Appendix B. In general, analytic solutions only exist
for large and small κR limits. For intermediate value
of κR, one need to rely on numerical methods to solve
the electrokinetic equations. We compute the complex
polarizability using the software MPEK.
One important quantity required as an input for the
theory is the zeta potential, defined as the electric poten-
tial at the shear plane, an imaginary plane separating the
hydrodynamically mobile and immobile fluid. The ex-
act position of the shear plane is difficult to determine,
and it is also possible that there is no sharp boundary
at all. Since the interacting sites of the colloid are set
at R = 3.0 σ, and in our model, they are responsible
for the hydrodynamical coupling to the fluid, it is rea-
sonable to use R = 3.0 σ for the position of the shear
plane. The zeta-potential can be obtained by solving the
Poisson-Boltzmann equation. For a spherical particle,
numerical tables for the solution to Poisson-Boltzmann
equation were given by Loeb et al. [52]. An analytic ex-
pression for the relationship between the ζ-potential and
the surface charge density σ was derived by Ohshima et
al. [50, 53]
σ =
2ǫmκkBT
e
sinh
(
eζ
2kBT
)[
1 +
1
κR
2
cosh2(eζ/4kBT )
+
1
(κR)2
8 ln[cosh(eζ/4kBT )]
sinh2(eζ/2kBT )
]1/2
(13)
For our system, we obtain a scaled zeta potential ζ =
4.12 ε/e. We also measure the charge density as a func-
tion of the distance to the colloid center. The simulation
results are shown in Fig. 8. Also shown are the numerical
solutions from solving the Poisson-Boltzmann equation
by a variational approach [54, 55]. The simulation and
numerical results show good agreement. By integrating
the charge density from the simulation, we obtain the
zeta potential ζ = 4.26 ε/e, close to the value computed
using Ohshima’s formula (13). We use the simulation
value in the following calculation.
According to the Maxwell-Wagner-O’Konski theory,
the effect of the electric double layer can be taken into
account by introducing a surface conductance in the
Maxwell-Wagner theory. We estimate the surface con-
ductance, Kσ = 0.23 e
2/(σετ), based on Bikerman’s ex-
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FIG. 8: The densities for the negative counterions (ρ−)
and positive coions (ρ+) as a function of the distance to
the colloid center. The parameters are the same as in
Fig. 7. The lines are results by solving the
Poisson-Boltzmann equation [54, 55].
pression (see Appendix A for details). Using this value,
we can calculate the theoretical polarizability as a func-
tion of frequency without any fitting parameters. The re-
sulting curves are shown in Figure 7 with solid lines. The
result of the MWO theory is only in qualitative agree-
ment with the simulation. The theory captures the main
qualitative features, and roughly the correct crossover
frequency, but it misses most of the details around the
transition frequency.
The simulation results feature a slight undershoot at
the high frequency region. This can be explained by con-
sidering the inertia effect of the microions, which are not
entirely negligible in our simulations. (In real systems,
they are negligible.) The inertia effect can be incorpo-
rated into the theory by a frequency-dependent conduc-
tivity (see Appendix A) and the theory can be revised
accordingly, giving the dash-dotted lines in Figure 7. It
predicts small undershoots in both the real and the imag-
inary part of the polarizability, which are consistent with
the simulation. However, both results from the MWO
theory, the original one and the one with the inertia
correction, miss the overshoot of the Re{α} at the low-
frequency regime.
In the Maxwell-Wagner theory, the colloid and its
surrounding medium are treated as homogeneous sub-
stances, and only the bulk properties of the components
are taken into account. The induced charges due to the
external field only appear at the colloid-fluid interface,
and the effect of the spatial distribution of the polariza-
tion charges is neglected. This simplification is valid for
large colloids, but for small particles (κR ∼ 1), the dis-
tribution of the polarization charges near the interface
may become important. The theory taking into consid-
eration of the effect of space charge variation is based
on standard electrokinetic equations. One important re-
sult from the electrokinetic theory is the low-frequency
dielectric dispersion [13]. We use the program MPEK
to calculate the complex polarizability, and the results
are shown as dashed lines in Fig. 7. The prediction from
the electrokinetic theory is in good agreement with the
simulation, and correctly captures the overshoot at low
frequency.
V. SUMMARY
We have carried out mesoscopic molecular dynam-
ics simulations for a charged colloidal particle under
static and alternating electric fields, with different col-
loid charges and salt concentrations. We have fully taken
into account the hydrodynamic interaction with thermal
fluctuations, using Dissipative Particle Dynamics, and
the electrostatic interactions, using the Particle-Particle-
Particle Mesh method.
The motion of a charged colloidal particle under the
influence of external fields is a complicated process due
to the presence of the electric double layer. We have
investigated the mobility of both the colloid and its sur-
rounding ionic cloud. For free microions, their motion is
simple: cations move in the direction of the field, and an-
ions move in the opposite direction. However, due to the
presence of the colloid, the microion motion is greatly
modified, especially for counterions close to the colloid
surface. The hydrodynamic and electrostatic interactions
with the colloid are then strong enough to force them to
move together with the colloid. The range of the in-
teraction from the colloid can be tuned by varying the
salt concentration or the colloid charges. In general, the
range is short for high ionic strength or weakly charged
colloids.
When an alternating electric field is applied, the dy-
namic response of the colloid and micrions depends on
the frequency. The frequency-dependence of the microion
mobility is controlled by two different processes. On the
one hand, the oscillating field drives the microions di-
rectly. At low frequency, the movement of the microion
is in phase with the perturbation. At high frequency, the
inertia effect prevents the microion from following the
external field. The frequency that separates these two
different region is related to the time scale τm . On the
other hand, a concentration gradient can build up around
the colloid surface at low frequency, which drives a dif-
fusive motion of the microions from the region of high
concentration to that of low concentration. The time
required for the gradient to develop is τc. The motion
of the microion is determined by the interplay between
the field-induced and concentration-induced effects. For
microions away from the colloid surface, the interaction
to the colloid is weak, and the field-induced effect domi-
nates. For microions close to the surface, the microions
follow the colloid’s motion at low frequency, but recover
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to the free-ion case at high frequency.
The dielectric response of the charged colloid is char-
acterized by the polarizability. For our colloid model
(ǫp = ǫm and Kp = 0), the main contribution to the
dipole moment comes from the electric double layer. For
microions, there are two important length scales: one
is the Debye screening length lD, and the other one is
the diameter of the colloid 2R. Associated with these
two length scales, are the two time scales τmw and τc,
which correspond to the time required for the microion
to diffuse over the distance lD and 2R, respectively. For
the parameters considered in this work, 2R > lD, thus
the frequency fmw is larger than fc. The competition of
these two time scales results in a maximum of Re{α}
at the intermediate frequency fc < f < fmw. We
compare the simulation results to the predictions from
the Maxwell-Wagner-O’Konski theory and standard elec-
trokinetic model. The MWO theory only captures the di-
electric response in the high-frequency region, while the
electrokinetic theory performs well over the whole fre-
quency range.
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Appendix A: Maxwell-Wagner-O’Konski theory
In this appendix, we give a short introduction to the
Maxwell-Wagner-O’Konski theory. More detailed infor-
mation can be found in Refs. [7, 8, 11, 12].
Assume an external electric field with a form E =
E0e
iωtxˆ is applied to a colloidal solution. The exter-
nal field induces a dipole moment to the colloidal parti-
cle. The amplitude of the dipole moment can be written
as p0 = 4πǫmK(ω)R
3E0 (cf. Equation (3)), where the
Clausius-Mossotti factor K(ω) is a complex number con-
taining both the magnitude and the phase information.
In the Maxwell-Wagner theory, it has the form
K(ǫ∗p, ǫ
∗
m) =
ǫ∗p − ǫ∗m
ǫ∗p + 2ǫ
∗
m
, (A1)
where ǫ∗p and ǫ
∗
m are the complex dielectric constants of
the particle and the medium, respectively. They are de-
fined as
ǫ∗p = ǫp +
Kp
iω
, ǫ∗m = ǫm +
Km
iω
, (A2)
where ǫ (without the star) and K are the permittivity
and conductivity, respectively. For ǫm = ǫp = ǫ, the
Clausius-Mossotti factor can be rewritten as
K = K0
1− iω˜
1 + ω˜2
(A3)
with
K0 =
Kp −Km
Kp + 2Km
and ω˜ =
3ǫ
Kp + 2Km
ω. (A4)
The conductivity of the medium Km is related to the mi-
croion diffusion constant DI via Km = 2ρse
2DI/(kBT )
for 1-1 electrolytes.
The classical Maxwell-Wagner theory fails to explain
the dielectrophoretic properties of latex particles. Latex
has a low intrinsic conductivity, but the measurement
indicated that the particle conductivity is high. It was
concluded that the electric double layer surface signifi-
cantly contributes to the particle conductivity. This was
first demonstrated by O’Konski [11]
Kp → Kp + 2Kσ
R
(A5)
where Kσ is the surface conductance (unit S instead of
S·m−1 for conductivity) due to the electric double layer.
The surface conductance then can be related to the
ζ-potential by Bikerman’s expression
Kσ = lD
[
exp(| eζ
2kBT
|)− 1
]
(1 + 3m)Km, (A6)
where m is a dimensionless ionic drag coefficient [56, 57].
Bikerman’s expression is applicable for 1-1 electrolytes,
and the contribution from coions has been neglected. The
ionic drag coefficient is related to the viscosity ηs and ion
diffusion constant DI ,
m =
2ǫm(kBT )
2
3ηse2DI
, (A7)
(m = 0.072 for salt density ρs = 0.0125 σ
−3, and m =
0.18 for KCl). With Q = 50e and R = 3.0σ, we obtain
the surface conductance Kσ = 0.23 e
2/(σ
√
mε).
The inertia effect of ions can be taken into account
by considering a charged particle with charge e, mass m
immersed in a viscous fluid. The equation of motion for
the particle under an AC field E0e
iωt is
mx¨ = −γx˙+ eE0eiωt, (A8)
where γ = kBT/DI is the friction constant. After solving
the equation of motion, one finds that the velocity of the
particle has the form
x˙ ∝
1− i(mωγ )
1 + (mωγ )
2
. (A9)
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Since the conductivity of salt solutions is proportional
to the ion’s velocity, it is reasonable to assume that the
conductivity has the same frequency dependency
Km → Km
1− i(mωγ )
1 + (mωγ )
2
. (A10)
The correctedMWO results in Fig. 7 are obtained by sub-
stituting (A10) into the Clausius-Mossotti factor (A3).
Appendix B: Electrokinetic equations
Consider a colloidal particle immersed in an electrolyte
solution. The solution consists of N ionic species of
charge zke and bulk concentration ck(∞). The spherical
colloid has a hydrodynamic radius of R. The external
electric field is E.
The system is described in terms of the electrostatic
potential ψ(r), the ion concentration field ck(r), the flow
velocity field u(r) and the pressure p(r). The governing
laws of the system are the Poisson equation, the Nernst-
Planck equation and the Navier-Stokes equations.
Poisson Equation
The electrostatic potential ψ outside the colloid is re-
lated to the ion concentration by the Poisson equation
∇2ψ = − 1
ǫm
∑
k
zkeck, (B1)
where ǫm is the solvent permittivity. The boundary con-
ditions for the potential are
φ = ζ, r = R, (B2)
φ = −E · r, r →∞. (B3)
Nernst-Planck Equation
The flux of type-k ion can be written as
jk = −Dk∇ck − zkDk(∇ eψ
kBT
)ck + uck. (B4)
The first term is the contribution from the ion’s diffusion
due to the concentration gradient. The second term rep-
resents the effect of electric field. The last term expresses
the flow-induced hydrodynamic drag force.
The conservation of ion number is described by a con-
tinuity equation,
∂ck
∂t
+∇ · jk = 0, (B5)
After substituting Eq. (B4) and omitting the subscript k
for simplicity, Eq. (B5) takes the form
∂c
∂t
−∇·(D∇c)−∇·
(
zD(∇ eψ
kBT
)c
)
+∇·(uc) = 0. (B6)
The boundary condition at the colloid surface is
j · n = 0, r = R, (B7)
where n is the normal to the surface. Far away from the
colloid, the concentration reaches to the bulk value
c = c(∞). r→∞. (B8)
Navier-Stokes Equation
The Navier-Stokes equation with an external body
force is
ρ0
∂u
∂t
+ ρ0u · ∇u = ηs∇2u−∇p−∇ψ
∑
k
zkeck, (B9)
where ρ0 is the solvent density and the last term on the
right-hand side is due to the electric field. The second
term on the left-hand side can be dropped for incom-
pressible fluid, ∇ · u = 0. No-slip boundary condition at
the colloid surface requires
u = V, r = R, (B10)
where V is the velocity of the colloid.
[1] W. B. Russel, D. A. Saville, and W. Schowalter, Col-
loidal Dispersions (Cambridge University Press, Cam-
bridge, 1989).
[2] P. C. Hiemenz and R. Rajagopalan, Principles of Col-
loid and Surface Chemistry (Marcel Dekker, New York,
1997), 3rd ed.
[3] J. Dhont, An Introduction to Dynamics of Colloids (El-
sevier, Amsterdam, 1996).
[4] S. Fischer, A. Naji, and R. R. Netz, Phys. Rev. Lett.
101, 176103 (2008).
[5] J. Dhont and K. Kang, Eur. Phys. J. E 33, 51 (2010).
[6] J. Zhou and F. Schmid, Eur. Phys. J. E 36, 33 (2013).
[7] J. Maxwell, Electricity and Magnetism, vol. 1 (Dover,
New York, 1954).
[8] K. Wagner, Arch. Electrotech 2, 371 (1914).
[9] N. G. Green and H. Morgan, J. Phys. Chem. B 103, 41
(1999).
[10] I. Ermolina and H. Morgan, J. Colloid Interface Sci. 285,
419 (2005).
[11] C. O’Konski, J. Phys. Chem. 64, 605 (1960).
[12] D. A. Saville, T. Bellini, V. Degiorgio, and F. Man-
tegazza, J. Chem. Phys. 113, 6974 (2000).
[13] S. Dukhin and V. Shilov, Dielectric phenomena and the
double layer in disperse systems and polyelectrolytes (Wi-
ley, New York, 1974).
[14] R. W. O’Brien and L. R. White, J. Chem. Soc., Faraday
Trans. 2 74, 1607 (1978).
[15] E. H. B. DeLacey and L. R. White, J. Chem. Soc., Fara-
day Trans. 2 77, 2007 (1981).
[16] R. J. Hill, D. A. Saville, and W. B. Russel, Phys. Chem.
12
Chem. Phys. 5, 911 (2003).
[17] K. Kim, Y. Nakayama, and R. Yamamoto, Phys. Rev.
Lett. 96, 208306 (2006).
[18] K. K. Y. Nakayama and R. Yamamoto, Eur. Phys. J. E
26, 361 (2008).
[19] H. Zhao and H. H. Bau, J. Colloid Interface Sci. 333, 663
(2009).
[20] R. Schmitz and B. Du¨nweg, J. Phys.: Condens. Matter
24, 464111 (2012).
[21] H. Liu, Y. Zhu, and E. Maginn, Macromolecules 43, 4805
(2010).
[22] P.-Y. Hsiao, Y.-F. Wei, and H.-C. Chang, Soft Matter 7,
1207 (2011).
[23] Q.-Y. Zhang, X. Xiang, and K.-Y. Hu, Modern Physics
Letters B 26, 1250089 (2012).
[24] G. Sigalov, J. Comer, G. Timp, and A. Aksimentiev,
Nano Lett. 8, 56 (2008).
[25] V. Lobaskin and B. Du¨nweg, New Journal of Physics 6,
54 (2004).
[26] V. Lobaskin, B. Du¨nweg, and C. Holm, J. Phys.: Con-
dens. Matter 16, S4063 (2004).
[27] V. Lobaskin, B. Du¨nweg, M. Medebach, T. Palberg, and
C. Holm, Phys. Rev. Lett. 98, 176105 (2007).
[28] A. Chatterji and J. Horbach, J. Chem. Phys. 122, 184903
(2005).
[29] A. Chatterji and J. Horbach, J. Chem. Phys. 126, 064907
(2007).
[30] G. Giupponi and I. Pagonabarraga, Phys. Rev. Lett. 106,
248304 (2011).
[31] A. Malevanets and R. Kapral, J. Chem. Phys. 110, 8605
(1999).
[32] G. Gompper, T. Ihle, D. M. Kroll, and R. G. Winkler,
Adv. Polym. Sci. 221, 1 (2009).
[33] P. J. Hoogerbrugge and J. M. V. A. Koelman, Europhys.
Lett. 19, 155 (1992).
[34] P. Espan˜ol and P. B. Warren, Europhys. Lett. 30, 191
(1995).
[35] R. D. Groot and P. B. Warren, J. Chem. Phys. 107, 4423
(1997).
[36] J. Smiatek, M. Sega, C. Holm, U. D. Schiller, and
F. Schmid, J. Chem. Phys. 130, 244702 (2009).
[37] J. Zhou and F. Schmid, J. Phys.: Condens. Matter 24,
464112 (2012).
[38] T. Soddemann, B. Du¨nweg, and K. Kremer, Phys. Rev.
E 68, 046702 (2003).
[39] J. D. Weeks, D. Chandler, and H. C. Andersen, J. Chem.
Phys. 54, 5237 (1971).
[40] M. R. Wright, An Introduction to Aqueous Electrolyte
Solutions (Wiley, Chichester, 2007).
[41] H. Hasimoto, J. Fluid Mech. 5, 317 (1959).
[42] H. Limbach, A. Arnold, B. Mann, and C. Holm, Comp.
Phys. Comm. 174, 704 (2006).
[43] R. Hockney and J. Eastwood, Computer Simulation Us-
ing Particles (Adam Hilger, Bristol, 1988).
[44] M. Deserno and C. Holm, J. Chem. Phys. 109, 7678
(1998).
[45] M. Deserno and C. Holm, J. Chem. Phys. 109, 7694
(1998).
[46] L. Verlet, Phys. Rev. 159, 98 (1967).
[47] W. C. Swope, H. C. Andersen, P. H. Berens, and K. R.
Wilson, J. Chem. Phys. 76, 637 (1982).
[48] D. Frenkel and B. Smit, Understanding Molecular Simu-
lation (Academic Press, 2002), 2nd ed.
[49] J. T. Padding and A. A. Louis, Phys. Rev. E 74, 031402
(2006).
[50] H. Ohshima, Theory of Colloid and Interfacial Electric
Phenomena (Academic Press, Amsterdam, 2006).
[51] R. J. Hill, D. A. Saville, and W. B. Russel, J. Colloid
Interface Sci. 258, 56 (2003).
[52] A. L. Loeb, J. T. G. Overbeek, and P. H. Wiersema,
The Electrical Double Layer around a Spherical Colloid
Particle (MIT Press, Massachusetts, 1961).
[53] H. Ohshima, T. Healy, and L. White, J. Colloid Interface
Sci. 90, 17 (1982).
[54] M. Baptista, R. Schmitz, and B. Du¨nweg, Phys. Rev. E
80, 016705 (2009).
[55] R. Schmitz, Ph.D. thesis, Johannes Gutenberg-
Universita¨t Mainz (2011).
[56] J. Bikerman, Trans. Faraday Soc. 35, 154 (1940).
[57] R. W. O’Brien, J. Colloid Interface Sci. 113, 81 (1986).
